
Tarski’s Theory of Truth

Richard Kimberly Heck

1 The Language of Arithmetic

We shall here look at an example of a Tarskian characterization of truth.
The language for which we shall give the characterization is the language
of arithmetic, understood in the ordinary way. We begin by saying what
the language of arithmetic is, first describing its primitive vocabulary.

The language of arithmetic contains the usual collection of logical
expressions:

• An infinite collection of variables: x1, x2, x3, etc.

• Four binary connectives: ∧,→, ∨, ≡

• One unary connective: ¬

• Two quantifiers: ∃, ∀

• One binary relational expression: =

• Grouping devices: (, )

We have also certain non-logical expressions:

• One individual constant (i.e., name): 0

• One one-place function-symbol: S

• Two two-place function-symbols: +, ×

• One two-place relational expression: <

All of these symbols are supposed to have their obvious meanings: The
only one which may be unfamiliar is ‘S‘’, which means ‘successor’, i.e.,
‘the next number after. . . ’ or ‘+1’.

The rules for forming complex expressions from these primitive ex-
pressions are what one would expect. We say that t is a term if it is an
expression which is either:

1
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1. a variable;

2. the individual constant ‘0’;

3. the result of prefixing ‘S’ to some other term, itself written in
parentheses;

4. the result of writing some term u, in parentheses, followed by ‘+’,
followed by some other term v, also in parentheses;

5. the result of writing some term u, in parentheses, followed by ‘×’,
followed by some other term v, in parentheses.

6. Nothing except things you can form by using (1)–(5) is a term.

Thus, ‘x1’ is a term; ‘0’ is a term; ‘S(0)’, ‘S(S(0))’, and ‘S(x1)’ are terms;
‘(x1) + (S(0))’ is a term; and ‘(x3)× (S(S(0)))’ and ‘(x6)× ((x1) + (S(0)))’
are also terms. On the other hand, ‘SS’ is not a term. Convince yourself
of that.

The point of (6)—the so-called closure condition—is to validate a
certain sort of argument called induction on the complexity of expressions.
Suppose we can show—this is the basis case—that all variables have
some property φ, and that we can also show that ‘0’ has φ. Suppose
further that we can show—this is the induction step—that, whenever
t and u have φ, so do pS(t)q, p(t) + (u)q and p(t) × (u)q. Then all terms
have φ. This is because all terms are formed by repeatedly applying
these three methods of formation to the basic terms.

We say that an expression A is a formula if it is either:

1. the result of writing a term u, in parentheses, followed by either
‘=’ or ‘<’, followed by a term v, also in parentheses (these are the
atomic formulae);

2. the result of writing ‘¬’, followed by some formula B, in parenthe-
ses;

3. the result of writing some formula B, in parentheses, followed by
either ‘∧’, ‘∨’, ‘→’, or ‘≡’, followed by some formula C, in parenthe-
ses;

4. the result of writing either ‘∃’ or ‘∀’, followed by a variable, followed
by some formula B, in parentheses, which formula does not itself
already contain bound occurences of that variable (it is possible to
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give a precise definition of ‘bound occurence’, but we shall not do
so).1

5. Nothing is a formula except things you can form by using (1)–(4).

Thus, among the atomic formulae are ‘(x1) = (x3)’ and ‘((x2) + (S(0))) <
((x6) × ((x1) + (S(0))))’. But ‘x1(S) = (x6)+’ is not a formula. Convince
yourself of that, too. Finally, a formula is a sentence if it contains no free
variables.

Here again, the point of the ‘closure condition’, (5), is to validate
induction on the complexity of expressions. Suppose we can show that all
atomic formulae have φ. And suppose we can also show that, whenever
formulae A and B have φ, then so do p¬(A)q, p(A) ∨ (B)q, p(A) ∧ (B)q,
p(A) → (B)q, p∃v(A)q and p∀v(A)q, for any variable v that does not
already occur bound in A. Then, again, it would follow that all formulae
have φ.

The insistence on using parentheses here is just to guarantee that
the terms and formulae will not be ambiguous. We shall henceforth drop
parentheses when convenient and group in the usual way.

Our goal, then, is a ‘materially adequate’ theory of truth for the
language of arithmetic: We want a theory of truth that will allow us to
prove, for each sentence A of this language, the ‘T-sentence’: Tr(‘A’) ≡ A.

2 Truth for the Propositional Fragment

For simplicity, let us begin by characterizing truth for the propositional
fragment of this language, i.e., for sentences of the language containing
neither variables nor quantifiers. Before we do so, we need to say a
little bit about the meta-language in which we shall be giving our char-
acterization. We shall assume that the meta-language contains all the
vocabulary of the object-language, that is, that all the primitive expres-
sions of the object-language—and therefore, all the terms and formulae
of the object-language—are also contained in the meta-language. We
shall also assume that meta-language contains the semantic expressions
‘true’, ‘denotes’, and the like, and that it contains the resources to talk

1 OK, we’ll do so in a footnote. We define free and bound occurences by simultaneous
induction. All occurences of variables in atomic formulae are free. An occurrence of a
variable is free in p¬(A)q, p(A)∨ (B)q, p(A)∧ (B)q, or p(A)→ (B)q just in case it is free
in A or B. An occurence of a variable in p∃v(A)q or p∀v(A)q is bound if it was already
bound or is an occurrence of v; otherwise, it is free.
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about object-language expressions, the forms of object-language expres-
sions, and the like. Later, we shall need the meta-language to contain a
device enabling us to speak of assignments of objects to variables. All
of this can be made more precise, but we will not worry ourselves with
making it so here. It should be fairly clear that everything we shall say
about the syntax of the object-language uses only pretty basic sorts of
mathematics.2

We begin by characterizing truth for atomic sentences, and then we
show how to extend this characterization of truth to complex sentences.
To characterize truth for the atomic sentences, we need to do two things:
Say what the various terms in the language denote; then, assuming
that we know the denotations of the terms appearing in it, say when an
atomic sentence is true. We begin by characterizing denotation.

2.1 Denotation for Closed Terms

Terms that do not have variables in them come in four flavors (see the
definition of ‘term’ above): We have the term ‘0’, terms of the form ‘Su’,
terms of the form ‘t+ u’, and terms of the form ‘t× u’. It is clear what we
want to say about each of these. ‘0’ denotes zero; ‘Su’ denotes one more
than the denotation of u; etc. We record all of this as follows:

Clause for ‘0’: ‘0’ denotes x iff x = 0.3

Clause for ‘S’: ‘St’ denotes x if, and only if, there is an object y such that
t denotes y and x = Sy.

Clause for ‘+’: ‘t + u’ denotes x if, and only if, there are objects y and z
such that t denotes y and u denotes z and x = y + z.

Clause for ‘×’: ‘t × u’ denotes x if, and only if, there are objects y and z
such that t denotes y and u denotes z and x = y × z.

Note that our characterization of denotation is recursive, in the sense
that we begin by characterizing denotation for the simplest case and
then characterize it for more complex cases in terms of what we have
said about the simpler cases.

2 If the goal is a theory of truth that is ‘materially adequate’ and ‘formally correct’, in
Tarski’s sense—that is, if the goal is a theory capable of proving all the T-sentences—then
the entire construction can be carried out in a theory that is interpretable in Robinson
arithmetic, Q. See my “Consistency and the Theory of Truth” for the details.)

3 The point of stating the clause this way is to guarantee the uniqueness of denotation.
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This characterization of denotation is materially adequate in Tarski’s
sense. Let us first work through an example.

Consider the term ‘S0 × (0 + S0)’. Since it is of the form t × u, the
clause for × applies:

‘S0× (0 + S0)’ denotes x if, and only if, there are objects y and
z such that ‘S0’ denotes y and ‘0 + S0’ denotes z and x = y × z.

Since ‘S0’ is of the form St, the clause for S applies:

‘S0’ denotes y if, and only if, there is an object w such that ‘0’
denotes w and y = Sw.

Of course, by the clause for ‘0’:

‘0’ denotes w iff w = 0.

Hence, there is an object w such that ‘0’ denotes w, namely, 0; and S0 is
certainly equal to S0. So we can conclude:

There is an object w such that ‘0’ denotes w and S0 = Sw.

And so:

‘S0’ denotes S0.

Now, ‘0 + S0’ is of the form t+ u, so the clause for + applies:

‘0 + S0’ denotes v if, and only if, there are objects t and u such
that ‘0’ denotes t and ‘S0’ denotes u and v = t+ u.

But we have already seen that ‘0’ denotes 0 and that ‘S0’ denotes S0.
Moreover, since 0 + S0 is certainly equal to itself, we can conclude:

There are objects t and u such that ‘0’ denotes t and ‘S0’ de-
notes u and 0 + S0 = t+ u.

And so:

‘0 + S0’ denotes 0 + S0.

But then there are objects y and z such that ‘S0’ denotes y and ‘0 + S0’
denotes z and S0× (0 + S0) = y × z. And so:

‘S0× (0 + S0)’ denotes S0× (0 + S0).
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As wanted.
Note that this argument does not use any special axioms about the

arithmetical operations, e.g., the axioms of Q. Of course, if those axioms
were available, then we could use them to prove that S0× (0 + S0) = S0
and hence conclude as well that

‘S0× (0 + S0)’ denotes S0.

But, as far as the needs of a materially adequate theory of truth are
concerned, there is no need for us to appeal to such arithmetical axioms.

It should seem plausible that a similar sort of argument will produce
a similar result for each term. In fact, we can do better: We can argue
by induction on the complexity of expressions that such a result can
be produced for each term. There are two ways one can present this
argument.

One is an argument given in the meta-language: We can use the
clauses for ‘0’, ‘S’, ‘+’, and ‘×’ to argue that every expression has a unique
denotation. The argument is straightforward. Clearly, ‘0’ has a unique
denotation. So assume that t has a unique denotation: That is, there
is an object x such that t denotes z iff z = x. Then by the clause for S,
‘St’ denotes Sx. Suppose that ‘St’ denotes w. Then, by the clause for S,
there must be an object v such that t denotes v and w = Sv. But by the
induction hypothesis, v = x and so w = Sx. That is: ‘St’ denotes w if, and
only if, w = Sx, and so ‘St’ denotes uniquely. The arguments in the other
two cases are similar and are left as Exercise 2. Taking those cases as
read, however, we may be conclude that every term denotes uniquely.

The other way to think of the argument is as one about what can
be proven in a certain theory, namely, the meta-theory in which the
previous argument was given. This argument would show, by induction
on the complexity of expressions, that, for each closed term t of the object
language, the following sentence is a theorem of the meta-theory:

(1) ‘t’ denotes w iff w = t

To give this argument, we would need to formalize the meta-theory,
which we shall not, but it is easy enough to see how the argument goes.
Clearly, if t is the term ‘0’, then we do have

(2) ‘0’ denotes w iff w = 0

as a theorem of the meta-theory, since this is just the clause for ‘0’.
Suppose, then, that the meta-theory proves:
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(3) ‘t’ denotes w iff w = t

Since the meta-theory contains the clause for S, it proves:

(4) ‘St’ denotes y if, and only if, there is an object z such that t denotes
z and y = Sz

Now, the meta-theory contains some complete formalization of classical
logic, so, if the meta-theory proves some formulae A1, . . . , An, and if these
together imply some formula B, then the meta-theory also proves B. But
(3) and (4) together imply

(5) ‘St’ denotes y if, and only if, there is an object x such that x = t and
y = Sx

so the meta-theory proves as much. And this in turn implies

(6) ‘St’ denotes w if, and only if, w = St

as promised. Again, the arguments for ‘+’ and ‘×’ are similar and are
left as Exercise 3.

So, since every term uniquely denotes, we may henceforth use a more
compressed mode of expression: We can use the phrase ‘the denotation
of ’ when speaking of terms.4

2.2 Truth for Atomic Sentences

We now complete the characterization of truth for atomic sentences.
All atomic sentences are of the forms ‘t = u’ and ‘t < u’, for some

terms t and u. What we want to say about when such sentences will be
true is fairly obvious. We record it in the

Clause for ‘=’: A sentence of the form ‘t = u’ is true if, and only if, there
are objects x and y such that t denotes x and u denotes y and x = y.

Clause for <: A sentence of the form ‘t < u’ is true if, and only if, there
are objects x and y such that t denotes x and u denotes y and x < y.

Let us work through an example.
Consider the atomic sentence ‘S0 = S0 × (0 + S0)’ and work from

outside in. Since this is a sentence of the form ‘t = u’, the clause for ‘=’
applies, telling us that

4 Officially, this phrase is to be eliminated using Russell’s theory of descriptions, but
what we have just proven is that these descriptive phrases are always proper, so there
are no concerns about scope-ambiguities and the like.
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‘S0 = S0× (0 + S0)’ is true iff there are objects x and y such
that ‘S0’ denotes x and ‘S0× (0 + S0)’ denotes y and x = y

We know from our work in Section 2.1 that

the denotation of ‘S0’ = S0

the denotation of ‘S0× (0 + S0)’ = S0× (0 + S0)

So we have:

‘S0 = S0× (0 + S0)’ is true iff S0 = S0× (0 + S0)

As wanted.
As earlier, the proof just given uses no specifically arithmetical prin-

ciples. But if we have those available, e.g, the axioms of Q, then we can
prove that S0 = S0 × (0 + S0) and so prove that ‘S0 = S0 × (0 + S0)’ is
true.

We can do better: We can prove by induction on the complexity of
expressions that a similar result can be proven for every atomic sentence.
Here again, there are, in principle, two ways to think of this argument:
Either as given in the meta-theory itself or as an argument about what
can be proven in the meta-theory. The way we have set things up,
however, no argument of the former sort is actually available: There is
no ‘property’ on which we can run the induction.5

The argument about the meta-theory proceeds as follows. We want
to show that, for each atomic sentence A of the object language, the
meta-theory proves the sentence:

‘A’ is true if, and only if, A

Here again, making this argument precise would require us to formalize
the meta-theory, which we shall not do, but the idea behind the argument
is again straightforward. Let A be an atomic sentence: So it is either
‘t = u’ or ‘t < u’, for some terms t and u. By the results of Section 2.1, the
meta-theory proves both

5 There is, however, a different way to proceed, following Frege by taking sentences
to denote their truth-values. We may take the truth-values to be 0 and S0, the former
being False and the latter True, and restate the clause for = as follows:

A sentence of the form ‘t = u’ denotes S0 if there are objects x and y such
that t denotes x and u denotes y and x = y and denotes 0 if there are
objects x and y such that t denotes x and u denotes y and x 6= y.

Similar changes are then needed to the other clauses. Then we can argue by induction
that every sentence denotes either 0 or S0.
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‘t’ denotes t

‘u’ denotes u

So, since the meta-theory contains the clauses for = and <, it also proves:

‘t = u’ is true if, and only if, t = u

‘t < u’ is true if, and only if, t < u

Thus, our theory of truth for atomic sentences is materially adequate, in
Tarski’s sense.

2.3 Truth and the Propositional Connectives

We now extend our characterization of truth to complex sentences. These
come in five flavors (see the definition of a formula above): ‘A∧B’, ‘A∨B’,
‘A → B’ ‘A ≡ B’, and ’¬A’. And it is clear what we want to say about
these: E.g., that a sentence of the form ‘A ∧B’ is true if, and only if, A is
true and B is true. This we record in the following five clauses.

Clause for ‘∧’: A sentence of the form ‘A ∧ B’ is true iff A is true ∧ B is
true

Clause for ‘∨’: A sentence of the form ‘A ∨ B’ is true iff A is true ∨ B is
true

Clause for ‘→’: A sentence of the form ‘A→ B’ is true iff A is true→ B
is true

Clause for ‘≡’: A sentence of the form ‘A ≡ B’ is true iff A is true ≡ B is
true

Clause for ‘¬’: A sentence of the form ‘¬A’ is true iff ¬(A is true)

That completes our characterization of truth for the propositional frag-
ment of the language of arithmetic. Note that our characterization of
truth is again recursive, in the sense that we have characterized truth
first for atomic sentences, and then characterized truth for more complex
sentences in terms of truth for simpler sentences.

It is should be clear that this characterization is also materially
adequate in Tarski’s sense. We work through a simple example (using
some abbreviations for brevity).
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‘(0 = S0) ∨ (S0 = 0 + S0)’ is true iff ‘0 = S0’ is true ∨
‘S0 = 0 + S0’ is true

iff the denotation of ‘0’ = the denotation of ‘S0’ ∨
the denotation of ‘S0’ = the denotation of ‘0 + S0’

iff 0 = S(the denotation of ‘0’) ∨
S(the denotation of ‘0’) =
the denotation of ‘0’ +S(the denotation of ‘0’)

iff (0 = S0) ∨ (S0 = 0 + S0)

And so:

‘(0 = S0) ∨ (S0 = 0 + S0)’ is true iff (0 = S0) ∨ (S0 = 0 + S0)

As wanted. We have thus given a materially adequate characterization
of truth for the propositional fragment of the language of arithmetic.

The argument that this characterization is materially adequate is
similar to the ones we have already seen and is left as Exercise 8.

3 Truth and the Quantifiers

3.1 Satisfaction

So far, all of this has been pretty simple. Things only get complicated
when we introduce variables and quantification. The reason things get
complicated is this. Consider the sentence

∃x1(x1 = 0)

Up to this point, we have been characterizing the truth of a complex
sentence in terms of the truth of its simpler parts. But the relevant ‘part’
of this sentence is

x1 = 0

and this is not a sentence at all. It does not make any obvious sense to
talk about whether ‘x1 = 0’ is true. What we need to talk about, as should
be familiar from introductory logic, is whether this formula is true under
some assignment of an object (in the domain) to the free variable ‘x1’.
More generally, if we are to give a characterization of truth which will
apply to a sentence such as

∀x1∃x2∃x6(x1 = x2 + x6)
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we shall have to characterize truth under an assignment for such formu-
lae as

x1 = x2 + x6

We shall therefore need to modify our earlier characterization of truth for
atomic sentences, so that it is a characterization not of truth simpliciter
but of truth under an assignment of objects to free variables. Thus, we
shall want to be able to say that ‘x1 = 0’ is true under the assignment of
0 to x1; false under the assignment of 3 to x1; and so forth.

What is an assignment? Well, an assignment associates an object
with each variable. So, mathematically, an ‘association’ is just a function
from variables to objects in the domain. We will assume that assignment
functions are total, that is, that they assign a value to each variable.6

Our meta-language will therefore need to contain the resources to talk
about such functions, and we will need to appeal to principles concerning
them. As it happens, the following principle is sufficient:

∀α∀v∀x∃β [∀w (w 6= v → val(α,w) = val(β,w)) ∧ val(β, v) = x]

The Greek letters here are variables ranging over assignments; v and w
are variables (that is, they range are variables ranging over variables);
x is some number or other; and val(α, v) means: the value α assigns to
v. This principle thus says that, for any assignment, any variable, and
any object, there is another assignment that (i) agrees with the original
one on all variables other than the given one but (ii) assigns the object
in question to the given variable. In short: Given any assignment, you
can find a new one that changes what gets assigned to any one variable.
Repeated applications of the principle obviously allow us to change what
is assigned to as many variables as we wish, pretty much at will.

6 In fact, assignments can be taken to be finite and therefore partial functions; they do
not need to assign a value to every variable. We would then need a relation val(α, v, x)
and would formulate the crucial principle below as:

∀α∀v∀x∃β [∀w (w 6= v → val(α,w, x) ≡ val(β,w, x)) ∧ val(β,w, x)]

We do not proceed in this way here as it introduces some complications (which I shall
mention in the footnotes). It is important that things can be done with finite functions,
however: Infinitary objects, like functions that assign objects to all variables, are not
needed in the definition of truth.

That said, it’s fairly easy to see that the principle we are using gives us no additional
power: The theory with the axiom we are using is interpretable in one that makes use
only of finitary functions; just take the ‘undefined’ variables to have some fixed value as
their assignment, say, 0.
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Tarski proceeds in a different, but equivalent, way. Since the vari-
ables come in a natural order, x1, x2, . . . , we can just specify an infinite7

sequence of objects and let the natural order of the variables pick out
which objects get assigned to which variables: So ‘x1’ gets assigned the
first member of the sequence; ‘x2’ gets assigned the second member of the
sequence; and, in general, the variable whose subscript is the numeral
for n is assigned the nth member of the sequence. It seems more natural,
however, to work with functions from variables to objects.

Because the condition in the first conjunct of the principle governing
assignments will be important to us, we introduce an abbreviation:

α ∼
v
β

df
≡ ∀w (w 6= v → val(α,w) = val(β,w))

So α ∼
v
β means that α and β agree on what they assign to all variables

other than v. The principle governing assignments can then be stated
as:

∀α∀v∀x∃β
[
α ∼

v
β ∧ val(β, v) = x

]
To return to our problem, then, we need to characterize truth under

assignments. But we shall follow Tarski in speaking, instead, of satisfac-
tion. Instead of saying that a formula is true under a given assignment,
we shall say that the formula is satisfied by the assignment, or that the
assignment satisfies the formula.

3.2 Recasting the Characterization of Truth for the
Propositional Fragment in Terms of Satisfaction

We now recast our characterization of truth for atomic sentences as a
characterization of satisfaction for atomic formulas.

Since we characterized truth in terms of denotation, we need to char-
acterize something that related to denotation in the way that satisfaction
is related to truth: We therefore characterize, not ‘t denotes x’, but ‘t de-
notes x under σ’, ‘σ’ being a variable for assignments. We will write this:
t denotesσ x. The changes to the old clauses should be pretty obvious.
The main difference is that we now have a new clause that characterizes
the denotation of variables under an assignment.

Clause for ‘0’: ‘0’ denotesσ x iff x = 0.
7 For the reasons mentioned in 6, finite sequences will suffice, in fact.
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Clause for variables: ‘xn’ denotesσ y iff y = val(σ, ‘xn’))

Clause for ‘S’: ‘St’ denotesσ y iff there is an object x such that t denotesσ
x and y = Sx.

Clause for ‘+’: ‘t+ u’ denotesσ z iff there are objects x and y such that t
denotesσ x and u denotesσ y and z = x+ y.

Clause for ‘×’: ‘t× u’ denotesσ z iff there are objects x and y such that t
denotesσ x and u denotesσ y and z = x× y.

We now characterize satisfaction for atomic sentences:

Clause for ‘=’: An assignment σ satisfies a sentence of the form ‘t = u’ iff
there are objects x and y such that t denotesσ x and u denotesσ y
and x = y.

Clause for ‘<’: An assignment σ satisfies a sentence of the form ‘t < u’ iff
there are objects x and y such that t denotesσ x and u denotesσ y
and x < y.

The clauses for the truth-functional connectives are then re-cast to give
a characterization of satisfaction for truth-functional compounds:

Clause for ‘∧’: An assignment σ satisfies a sentence of the form ‘A ∧ B’
iff (σ satisfies A ∧ σ satisfies B)

Clause for ‘∨’: An assignment σ satisfies a sentence of the form ‘A ∨ B’
iff (σ satisfies A ∨ σ satisfies B)

Clause for ‘→’: An assignment σ satisfies a sentence of the form ‘A→ B’
iff (σ satisfies A→ σ satisfies B)

Clause for ‘≡’: An assignment σ satisfies a sentence of the form ‘A ≡ B’
is true iff (σ satisfies A ≡ σ satisfies B)

Clause for ‘¬’: An assignment σ satisfies a sentence of the form ‘¬A’ is
true iff ¬(σ satisfies A)

No surprises there.
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3.3 Satisfaction for the Quantifiers

Finally, we need to give clauses for the quantifiers. To understand these
clauses, consider the question under what circumstances we shall want
to say that the sentence ‘∃x1(x1 = 0)’ is true. In basic logic, we learn
that this sentence is true if, and only if, there is some assignment under
which the formula ‘x1 = 0’ is true, i.e., if, and only if, there is some object
we could assign to ‘x1’ such that, under that assignment, ‘x1 = 0’ comes
out true. But, for the reasons we discussed above, it is not enough to
characterize the truth of quantified sentences: Sometimes quantified for-
mulae are parts of other quantified formulae. For example, the formula
‘∃x1(x1 = Sx2)’ is in the relevant sense part of ‘∀x2∃x1(x1 = Sx2)’. We
therefore need to characterize the notion of satisfaction for quantified
formulae: We need to say when quantified formulae are satisfied by
assignments. So consider the formula

∃x1(x1 = Sx2)

Is this formula satisfied by the assignment that assigns 0 to ‘x1’, 1 to
‘x2’, and (say) 2 to every other variable? What we want to say is that
this formula is true under this assignment iff there is some object y such
that ‘x1 = Sx2’ would come out true under the assignment of y to ‘x1’,
with all the other assignments—in particular, the assignment of 1 to
‘x2’—being left unchanged. Thus, what we are doing is fiddling around
with what gets assigned to ‘x1’ while leaving what gets assigned to all
the other variables fixed: We are, that is, considering what happens if
we change what is assigned to the quantified varaible but leave the rest
of the assignment fixed.

It is thus that we arrive at Tarski’s clause for the existential quanti-
fier:

Clause for ’∃’: An assignment σ satisfies a formula of the form ∃v(A) iff
there is some assignment τ which differs from σ, if at all, in what
it assigns to v, such that τ satisfies A.

Using the notation introduced above, we can write this as:8

8 It is now usual in logic, as it was not when Tarski wrote “The Concept of Truth
in Formalized Languages”, to take the quantifiers in the object-language not to range
over all the objects there are—or, more precisely, over all the objects over which the
quantifiers of the meta-language range—but instead to range over some ‘domain’. We
can make allowance for this in a variety of ways. Perhaps the simplest is to take τ ∼

v
σ
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Clause for ’∃’: σ satisfies p∃v(A)q iff ∃τ [σ ∼
v
τ ∧ τ satisfies A]

The clause for the universal quantifier is similar:

Clause for ’∀’: σ satisfies p∀v(A)q iff ∀τ [σ ∼
v
τ → τ satisfies A]

That completes our characterization of satisfaction for the language of
arithmetic.

3.4 A Characterization of Truth

To complete our characterization of truth for the language of arithmetic,
we now need only say when a sentence is true. A sentence, recall, is
a formula with no free variables, and the fact that a formula happens
not to contain any free variables does not mean that it does not make
sense to speak of it as being satisfied by a given assignment. Most of the
assignment is junk in any case. But if a formula does not contain any
free variables, then whether it is satisfied by a given assignment will not
depend upon what objects are assigned to which variables: There aren’t
any free variables in the sentence, so the entire assignment is junk.9

Thus, if a sentence is satisfied by one assignment, it is satisfied by all:
More generally, a sentence is either satisfied by all assignments or by
none. It is for this reason that Tarski can characterize truth as follows:

Truth: A sentence A is true iff ∀σ[σ satisfies A]

That then really does complete our characterization of truth for the full
language of arithmetic.

This characterization of truth is materially adequate, though seeing
that it is is a lot more difficult than in the previous case. We shall
again work through a simple example, this time using a lot of additional
notation which should be pretty much self-explanatory.

instead to abbreviate:

∀w[w 6= v → val(τ, w) = val(σ,w)) ∧D(val(τ, v)]

where the domain is given by the formula D(x). Note that, if we do so, then the T-
sentences for sentences containing quantifiers will not be fully ‘homophonic’ but will
instead look like: ‘∀xA(x)’ is true iff ∀x(D(x)→ A(x)).

9 This is actually a very deep and very important theorem, though not one we shall
try to prove here. To prove it, one must prove the more general claim that, if σ and τ
are assignments that agree on all free variables in A, then Satσ(‘A’) ≡ Satτ (‘A’). The
argument is by induction on the complexity of formulas and requires, as a lemma, a
similar result for terms.
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Consider the sentence: ∀x1∃x3(x3 = Sx1). According to the character-
ization of truth:

(7) True(‘∀x1∃x3(x3 = Sx1)’) iff ∀σ(Satσ(‘∀x1∃x3(x3 = Sx1)’)

According to the clause for ‘∀’, we have:

(8) Satσ(‘∀x1∃x3(x3 = Sx1)’) iff ∀τ [τ ∼
x1
σ → Satτ (‘∃x3(x3 = Sx1)’)]

By the clause for ‘∃’:

(9) Satτ (‘∃x3(x3 = Sx1)’) iff ∃υ[υ ∼
x3
τ ∧ Satυ(‘x3 = Sx1’)]

And then:

(10) Satυ(‘x3 = Sx1’) iff Denυ(‘x3’) = Denυ(‘Sx1’)

(11) Satυ(‘x3 = Sx1’) iff Denυ(‘x3’) = S(Denυ(‘x1’)

(12) Satυ(‘x3 = Sx1’) iff val(υ, ‘x3’) = S(val(υ, ‘x1’))

Substituting into (9), then:

(13) Satτ (‘∃x3(x3 = Sx1)’) iff ∃υ[υ ∼
x3
τ ∧ val(υ, ‘x3’) = S(val(υ, ‘x1’))]

We now have to get rid of the quantifier ‘∃υ’, which certainly had better
not still be hanging around when we get to our T-sentence at the end of
all of this. To do so, we prove in the meta-theory that10

(14) ∃υ[υ ∼
x3
τ ∧ val(υ, ‘x3’) = S(val(υ, ‘x1’))] iff ∃x3[x3 = S(val(τ, ‘x1’))]

Left-to-right: Suppose that there is some such assignment υ. Then
val(υ, ‘x3’) = S(val(υ, ‘x1’)), so if we let x3 = val(υ, ‘x3’), then certainly
x3 = S(val(υ, ‘x1’)). But ‘x1’ 6= ‘x3’, so we must have that val(υ, ‘x1’) =
val(τ, ‘x1’), since υ ∼

x3
τ . So x3 = S(val(τ, ‘x1’)), as well.

10 If we have restricted the domain, as discussed in note 8, then what we will need to
prove is instead:

∃υ[υ ∼
x3
τ ∧ val(υ, ‘x3’) = S(val(υ, ‘x1’))] iff ∃x3[D(x3) ∧ x3 = S(val(τ, ‘x1’))]

Left-to-right, D(x3) will follow from the altered definition of υ ∼
x3
τ ; right-to-left, υ ∼

x3
τ ,

so defined, requires that D(x3).
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Right-to-left: Suppose there is an x3 such that x3 = S(val(τ, ‘x1’)).
By the principle governing assignments (see page 11), there is an as-
signment υ such that υ ∼

x3
τ and val(υ, ‘x3’) = x3. And, as before,

val(υ, ‘x1’) = val(τ, ‘x1’). So val(υ, ‘x3’) = S(val(υ, ‘x1’)), and we are done.
Note where there are quotes and where there are not! What makes

arguments like this one hard to understand is the way in which we
are moving between talking about variables and talking about their
values—that is, the way we are moving between mention and use. That
is what the theory of truth is about: about connecting talk of expressions
(mention) with talk about the world (use).

To return to the argument, then, using (14) and substituting into (8)
we have:

(15) Satσ(‘∀x1∃x3(x3 = Sx1)’) iff ∀τ [τ ∼
x1
σ → ∃x3(x3 = S(val(τ, ‘x1’))]

Now, we get rid of the quantifier ‘∀τ ’, as we got rid of ‘∃υ’ before. By an
argument like that given for (14), we establish in the meta-theory that11

(16) ∀τ [τ ∼
x1
σ → ∃x3(x3 = S(val(τ, ‘x1’))] iff ∀x1∃x3[x3 = Sx1]

Left-to-right: Let x1 be arbitrary. We want to show that ∃x3[x3 = Sx1].12

By the principle governing assignments, there is an assignment τ such
that τ ∼

x1
σ and val(τ, ‘x1’) = x1. Hence, by the left-hand side, ∃x3(x3 =

S(val(τ, ‘x1’)), and so ∃x3[x3 = Sx1], and we are done.
Right-to-left: Let τ be an arbitrary sequence such that τ ∼

x1
σ. We

want to show that ∃x3(x3 = S(val(τ, ‘x1’))]. But this is immediate from
the right-hand side, since, instantiating ‘x1’ with ‘val(τ, ‘x1’), we have
that ∃x3(x3 = S(val(τ, ‘x1’))].

So, using (16) and substituting into (15), we have:

(17) Satσ(‘∀x1∃x3(x3 = Sx1)’) iff ∀x1∃x3[x3 = Sx1]

11 And here, if the domain is restricted, what we will prove is:

∀τ [τ ∼
x1
σ → ∃x3(D(x3) ∧ x3 = S(val(τ, ‘x1’))] iff ∀x1[D(x1)→ ∃x3(D(x3) ∧ x3 = Sx1)]

Left-to-right, we will assume that x1 is in the domain, and this will be needed to show
that there is an assignment τ such that τ ∼

x1
σ and val(τ, ‘x1’) = x1. Right-to-left, the

fact that τ ∼
x1
σ will guarantee that D(val(τ, ‘x1’) and so that D(x1).

12 Given the right logical resources, there is an obviously shorter proof. But the present
proof generalizes.
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Finally, using (17) and substituting into (7), we have:

(18) Tr(‘∀x1∃x3(x3 = Sx1)’) iff ∀σ∀x1∃x3[x3 = Sx1]

But now ‘∀σ’ is a vacuous quantifier, since ‘σ’ does not occur within the
scope of ‘∀σ’. So it can just be dropped, leaving us with:

(19) Tr(‘∀x1∃x3(x3 = Sx1)’) iff ∀x1∃x3(x3 = Sx1)

Voilá!
Derivation of the instances of schema (T) for sentences contain-

ing quantifiers are thus much more complicated than derivations for
variable-free sentences: We shall always need to prove something like
(14) or (16) in order to get rid of the quantifiers ranging over assignments
that the clauses for ‘∃’ and ‘∀’ introduce. So one might wonder whether it
always will be possible to prove the relevant results. To show that it will,
we need to prove all instances of the following theorem schemata:

∀τ [τ ∼
v
σ → φ∗] iff ∀v(φ)

∃τ [τ ∼
v
σ ∧ φ∗] iff ∃v(φ)

where φ∗ is the result of replacing all occurences of v in φ by val(τ, v).
That all instances of these two schemata can be proven in an appropriate
meta-theory can itself be proven. We can thus show—though, again, the
proof is far more complex than those at which we looked earlier—that
the characterization of truth given above is indeed materially adequate.

4 Definitions of Truth and Theories of Truth

There are two ways to think of what has gone on above. More specifically,
there are two ways to think of the various ‘clauses’ that occur in the
characterizations of denotation and truth, in Section 2, and of denotation
under a sequence and satisfaction, in Section 3. On the one hand, one
can think of these clauses as axioms that make substantive claims about
the meanings of expressions in the object-language.13 For example, the
axiom “ ‘0’ denotes x iff x = 0” makes the non-trivial, substantive, but
correct claim that the term ‘0’, in the language of arithmetic, denotes the
natural number zero. If we read the axioms this way, then what we did
above was to give an axiomatic theory of truth for the object-language,

13 Or stipulations about what their meanings are to be, if they do not have meaning
already.
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treating the expressions ‘denotes’ and the like as primitive. This theory
makes claims about the denotations, etc., of various expressions in the
language of arithmetic. Tarski would not have regarded such a theory of
truth as ‘formally correct’, however, since it uses semantic notions, such
as denotation and satisfaction.

The other way to think about the clauses used above is as parts of
a definition of the notions of denotation, satisfaction, and the like. The
problem with thinking of them that way is that they simply don’t look
like parts of a definition. After all, a definition of denotation, say, would
be expected to have the form:

the denotation of t = . . . t. . . ,

where the right-hand side of the definition specifies, in terms of t, what
its denotation is. Definitions of this familiar sort are called explicit
definitions. But there are other kinds of definitions, among which are so-
called recursive definitions. A recursive definition is one which proceeds
by defining something first for a range of basic cases, and then giving a
definition for more complex cases in terms of what has been said about
the simpler cases. Indeed, the definitions of ‘term’ and ‘formula’ given
above are recursive definitions: We said what the ‘basic’ terms and
‘atomic’ formulae were, then what would count as a ‘non-basic’ term or
as a ‘complex’ formula.

The clauses used above may also be thought of in this way: We
have said what denotation is for the most basic cases—‘0’ and the vari-
ables—and then we have said what the denotation of a complex term
is in terms of the denotations of its simpler parts. Alternatively, given
sufficiently powerful mathematical machinery, one can convert the re-
cursive definition into an explicit one. The methods for doing this were
developed (independently) by Dedekind and Frege, and the details of
how it is done need not detain us. It suffices to note that it can be done.

How we think of the T-sentences we proved will depend dramatically
upon how we think of the characterization of truth we gave. If we think
of it in the first way, then we will think of the theory overall as mak-
ing substantive, even empirical claims about what certain expressions
mean in a particular language. The T-sentences provable in the theory
therefore also make substantive empirical claims about that language.
Note that the claims the theory makes about the truth and falsity of
sentences follow logically from more basic claims about denotation and
satisfaction. In that sense, the axiomatic theory of truth might be said
to explain the semantic properties of complex expressions in terms of
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the semantic properties of their parts, and it is this sort of ‘theory’ of
truth that is employed in actual semantic theorizing. In so far as Tarski
contributed to the foundations of semantics, it was by showing how to
formulate theories of truth, in this sense.

On the other hand, if we think of the characterization of truth in
the second way, then the T-sentences will be proved from definitions
and will, in fact, themselves be definitionally equivalent to theorems of
pure mathematics and so will be theorems of pure mathematics. The
T-sentences then most certainly will not make any substantive, empirical
claims about anything, let alone the truth and falsity of sentences of
some actual language.

Putting things this way makes it sound as if Tarski gave two com-
pletely different characterizations of truth—one an axiomatic theory, the
other a definition—ran them together, and generally confused things
completely. But that impression is mistaken. For the two characteriza-
tions are not as different as all that. The relationship between them is
this: What the definition of truth shows is that it is possible to translate
the theory of truth—let us call it T—into the theory in which the defini-
tion of truth is given—let us call that theory D—in such a way that all
the axioms of T—all the various clauses—become theorems of D. This
shows (to use the technical term) that it is possible to ‘interpret’ T in
D, and it follows that T is consistent if D is: If it were possible to prove
a contradiction in T , the proof could be ‘mimicked’ or ‘reproduced’ in D
by means of the translation. Hence, if the definition of truth is given
in some mathematical theory of whose consistency we are reasonably
certain, we can be equally certain of the consistency of T . So one might
say that what Tarski has done is, first, to produce a materially adequate
theory of truth and then to produce a materially adequate and formally
correct definition of truth, where the relation between these shows that
the theory of truth is consistent if the mathematical theory in which the
definition of truth is stated is itself consistent.

And that’s no mean feat!

5 The Hierarchy of Languages

We have consistently defined a truth-predicate for the language of arith-
metic. Before developing our theory, we could only state and prove
sentences without any semantical terms in them, like SS0 + SS0 =
SSSS0 or ∀x(x + 0 = x). Now, we can state and prove sentences like
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Tr(‘SS0 + SS0 = SSSS0’) and Tr(‘∀x(x + 0 = x)’). Can we also prove
sentences of the form Tr(“Tr(‘SS0 + SS0 = SSSS0’)”)?

Not so fast. According to our definition, a sentence A is true iff
∀σ[σ satisfies A]. This means that Tr(“Tr(‘SS0 + SS0 = SSSS0’)”) is
true iff ∀σ[σ satifies Tr(‘SS0 + SS0 = SSSS0’). However, we have not
specified how satisfaction works with regard to sentences containing the
truth-predicate. The reason we have not specified this is simple: One
cannot apply the truth-predicate to sentences already containing the
truth-predicate.

Recall the distinction between object-language and meta-language.
We characterized truth for the object-language within the meta-language.
So sentences like Tr(‘SS0 + SS0 = SSSS0’) and Tr(‘∀x(x + 0 = x)’)
are sentences of the meta-language. But a sentence like Tr(“Tr(‘SS0 +
SS0 = SSSS0’)”) attributes truth to a sentence of the meta-language,
and the truth-predicate we defined applies only to sentences of the object-
language. Thus, sentences like Tr(“Tr(‘SS0 + SS0 = SSSS0’)”) are,
strictly speaking, ungrammatical.

All is not lost, however. Nothing precludes us from characterizing
truth for the meta-language in a meta-meta-language. And that is
exactly what we will do.

From here on we shall refer to the original object-language—the
language of arithmetic—as L0. The meta-language in which we defined
truth for L0, which we shall now call L1, includes all the expressions of L0
and also the semantic expressions Denσ(x), Satσ(x), and Tr(x), which we
re-dub Den0

σ(x), Sat0σ(x), and Tr0(x). These additional resources allowed
us to characterize truth for L0 in L1. But since Den0

σ(x), Sat0σ(x), and
Tr0(x) can be intelligibly applied only to expressions of L0, we must
introduce a meta-meta-language L2 if we are to characterize truth for
L1.

So we expand L1 to L2 introducing new denotation, satisfaction,
and truth-predicates Den1

σ(x), Sat1σ(x), and Tr1(x) and define denotation,
Since L1 contains L0, we will need clauses that tell us, e.g., what Den1

σ(‘0’)
is. But these clauses will just be simple modifications of the ones we had
before, e.g.:

• Den1
σ(‘0’) = x iff x = 0

• Den1
σ(t+ u) = Den1

σ(t) + Den1
σ(u)

• Sat1σ(A ∧B) iff Sat1σ(A) ∧ Sat1σ(B)

• Sat1σ(t < u) iff Den1
σ(t) < Den1

σ(u)
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What we need in addition are similar clauses for the new expressions
Den0

σ(x), Sat0σ(x), and Tr0(x) of L1.
Now, Den0

σ(x) is a functional expression, so the clause for Den0
σ(x)

will be similar in form to the clause for +: It will concern an arbitrary
term of the form Den0

t (u), where t and u are terms of L1 that fill the
argument-places marked by σ and x.14 And to say what Den0

t (u) denotes
(with respect to some sequence σ), we need to know what the denotations
of t and u are (with respect to σ)—just as in the case of t+ u. What t and
u denote (with respect to σ) are just Den1

σ(t) and Den1
σ(u). So the clause

for Den0
σ(x) is:

• Den1
σ(‘Den0

t (u)’) = x iff Den0
Den1

σ(t)
(Den1

σ(u)) = x

Note that this is exactly parallel to the clause for +.
Sat0σ(x) and Tr0(x), on the other hand, are binary and unary relation

symbols, respectively, and they are used to form new kinds of atomic
sentence, with terms t and u filling their argument-places. So, again, to
say when a sequence σ satisfies Sat0t (u) or Tr0(t), we need to know what
t and u denote, and the clauses for them are then:

• Sat1σ(‘Sat0t (u)’) iff Sat0Den1
σ(t)

(Den1
σ(u))

• Sat1σ(‘Tr0(t)’) iff Tr0(Den1
σ(t))

These, again, parallel the clauses for = and <. Truth for L1 can then be
defined in terms of satisfaction, exactly as before:

• Tr1(A) iff ∀σ(Sat1σ(A))

And using all of this, we can prove, much as we did before, that this is
a materially adequate theory of truth for L1. That is, we will be able to
prove such things as:

Tr1(‘Tr0(‘0 = S0’)’) iff Tr0(‘0 = S0’)

and similarly for all other sentences of L0.
Of course, this does not give us any way to attribute truth to sentences

like Tr1(‘Tr0(‘0 = S0’)’). To do that, we would need to ascend to yet a new
language L3 which contained new notions of denotation, satisfaction,

14 The astute reader will note that we have not said anything yet about what the Greek
variables ranging over assignments denote. I’ll leave the reader to think about that. (In
many applications, we can code assigments as natural numbers, and then the Greek
variables are just ordinary variables.)
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and truth at a higher level: Den2
σ(x), Sat2σ(x), and Tr2(x). The clauses

for these will parallel the ones just discussed. To attribute truth to sen-
tences of this language, we will need to ascend to yet a higher language,
L4, and so forth. So Tarski’s distinction between object-language and
meta-language leads naturally to an ever-ascending hierarchy of meta-
languages: L0,L1, . . . ,Ln, . . . , where each language in this sequence is
richer and more expressive than the one preceding it.

6 Exercises

Exercise 1. Prove that ‘S(SS0 + SS0)’ denotes S(SS0 + SS0).

Exercise 2. Complete the argument on page 6, that every expression has
a unique denotation, by showing that, if t and u have unique denotations,
then so do ‘t+ u’ and ‘t× u’.

Exercise 3. Complete the argument on page 7 by showing that, if the
meta-theory proves

‘t’ denotes w iff w = t

‘u’ denotes w iff w = u

then it also proves:

‘t+ u’ denotes w iff w = t+ u

‘t× u’ denotes w iff w = t× u

Exercise 4. Prove that ‘S(SS0+SS0) < SSS0’ is true iff S(SS0+SS0) <
SSS0. (You may use the results of Exercise 1.

Exercise 5. Fill in the details of the argument begun on page 8.

Exercise 6. (Optional) Prove the result mentioned in footnote 5 on page
8.

Exercise 7. Prove that ‘(S(SS0 + SS0) < SSS0) ∧ S0 = S0’ is true iff
(S(SS0 + SS0) < SSS0) ∧ S0 = S0. (You may use the results of earlier
exercises.)

Exercise 8. Prove that the characterization of truth for the propositional
fragment of the language of arithmetic, given in Section 2.3, is materially
adequate. (The argument will be similar to those in Exercises 2, 3, and
5, but will, of course, concern the propositional connectives. You can do
only two of the cases for the binary connectives.)
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Exercise 9. Prove that ‘∀x[∃y(x = Sy) → ∃y(y = Sx)]’ is true iff
∀x[∃y(x = Sy)→ ∃y(y = Sx)].

Exercise 10. (Optional) Prove that the characterization of truth for
the langauge of arithmetic is materially adequate by proving the result
mentioned at the end of Section 3 on page 18.
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